Let R be a * -ring containing a nontrivial self-adjoint idempotent. In this paper it is shown that under some mild conditions on R, if a mapping d : R → R satisfies
Introduction
Throughout this paper R will denote an associative ring with the center Z(R). Recall that a ring R is said to be n-torsion free, where n > 1 is an integer, if nU = 0 implies U = 0 for all U ∈ R. A ring R is said to be prime if for any U, V ∈ R, U RV = {0} implies U = 0 or V = 0. An additive mapping x → x * on a ring R is called involution in case (U V ) * = V * U * and (U * ) * = U hold for all U, V ∈ R. A ring equipped with an involution is called a ring with involution or * -ring (see [7] ). An additive mapping d : R → R is said to be a derivation on R if d(U V ) = d(U )V + U d(V ) for all U, V ∈ R. In particular, derivation d is called an inner derivation if there exists some X ∈ R such that d(U ) = U X − XU for all U ∈ R. An additive * -Lie derivable mapping is said to be a * -Lie derivation. It is not difficult to observe that any * -derivation is a * -Lie derivation but the converse is not true in general. There has been a great interest in the study of characterizations of Lie derivations and * -Lie derivations for many years. The first quite surprising result is due to Martindale III who proved that every multiplicative bijective mapping from a prime ring containing a nontrivial idempotent onto an arbitrary ring is additive (see [14] ). Miers [16] initially established that every Lie derivation d on a von Neumann algebra A can be uniquely written as the sum d = ψ + ξ where ψ is an inner derivation of A and ξ is a linear mapping from A into its center Z(A) vanishing on each commutator. Yu and Zhang [18] proved that every Lie derivable mapping of a triangular algebra is the sum of an additive derivation and a mapping from triangular algebra into its center sending commutators to zero. Mathieu and Villena [15] gave the characterizations of Lie derivations on C * -algebras. W. Jing and F. Lu [8] showed that every Lie derivable mapping on a 2-torsion free prime ring R can be expressed
(depending on U and V in R) and vanishes on each commutator. Yu and Zhang [19] proved that every * -Lie derivable mapping from a factor von Neumann algebra into itself is an additive * -derivation. Also, Li, Chen and Wang [9] obtained the same result for * -Lie derivable mappings on von Neumann algebras and proved that every * -Lie derivable mapping on a von Neumann algebra with no central abelian projections can be expressed as the sum of an additive * -derivation and a mapping with image in the centre vanishing on commutators. In addition, the characterization of Lie derivations and * -Lie derivations on various algebras are considered in [1] , [2] , [5] , [4] , [6] , [8] , [12] , [13] , [17] , [20] .
Motivated by the results due to W. Jing & F. Lu [8] and C. Li et al. [9] , in Section 2, we investigate the additivity of * -Lie derivable mappings on * -rings and show that every * -Lie derivable mapping on R is almost additive in the sense that for any
In Section 3, we study the characterization of * -Lie derivable mappings on prime * -rings. Under some mild conditions on R, we prove that, if d is an additive Lie derivable mapping on R, then d = ψ + ξ, where ψ is an additive * -derivation of R into its central closure T and ξ is a mapping from R into its extended centroid C such that ξ(U + V ) = ξ(U ) + ξ(V ) + Z U,V and ξ([U, V ]) = 0 for all U, V ∈ R. Finally, the above ring theoretic results have been applied to some special class of algebras such as nest algebras and von Neumann algebras.
Additivity of * -Lie derivable mappings on * -rings
In this section, we examine the additivity of * -Lie derivable mappings on rings. Let R be a * -ring with a nontrivial self-adjoint idempotent P . We write Q = I − P . It is to be noted that R may be without identity element. It is obvious that P Q = QP = 0. By the Peirce decomposition of R, we have R = A 11 +A 12 +A 21 +A 22 , where A 11 = P RP , A 12 = P RQ, A 21 = QRP and A 22 = QRQ. Throughout this paper, U ij will denote an arbitrary element of A ij and any element U ∈ R can be expressed as
The main result of this section starts as follows.
Theorem 2.1. Let R be a * -ring containing a nontrivial self-adjoint idempotent P and satisfying the following conditions:
Throughout assume that R satisfies the hypothesis of Theorem 2.1. The proof of the above theorem is given in a series of the following Lemmas. 
On the other hand by Lemma 2.2, we have
Comparing the above two identities, we get [P, A] = 0. Hence A ij = A ji = 0.
For any W ji ∈ A ji , we compute
Similarly, one can get (ii) .
Proof. By Lemma 2.3, we see that
On the other hand, we have
Comparing the above two identities, we get [Q, A] = 0. Hence A 12 = A 21 = 0.
For any W 12 ∈ A 12 , we compute
. On the other hand by using Lemma 2.4, we have
By using the condition (G 1 ), we see that
Similarly, the result is true for the case when i = 2.
Lemma 2.6. For any U 12 ∈ A 12 and V 21 ∈ A 21 , we have
For any W 12 ∈ A 12 , we have
. On the other hand, by Lemma, 2.2 we have
Comparing the above two identities, we get [W * 12 , A] = 0. This gives that A 12 W * 12 = 0 for all W 12 ∈ A 12 . By the condition (G 2 ), we see that A 12 = 0. Similarly, we obtain that A 21 = 0. Thus we are done.
Lemma 2.7. For any U 11 ∈ A 11 , V 12 ∈ A 12 and W 22 ∈ A 22 , we have
On the other hand, by Lemma, 2.2 we have
Comparing the above two identities, we get [P * , A] = 0. This gives that A 12 = A 21 = 0. Now for any S 21 ∈ A 21 , we see that
Comparing the above two identities, we get [S * 21 , A] = 0. This gives that S * 21 A 22 = A 11 S * 21 for all S 21 ∈ A 21 . By the condition (G 1 ), we get A 11 +A 22 ∈ Z(R). Thus we have obtained that d(U 11 
). For any U 11 ∈ A 11 , V 12 ∈ A 12 , W 21 ∈ A 21 and X 22 ∈ A 22 , we see that
On the other hand, by using Lemmas 2.2 & 2.6, we have
Comparing the above two equations, we have [P, A] = 0. This gives that A 12 = A 21 = 0. Now for any S 12 ∈ A 12 , we compute
On the other hand, by using Lemma 2.7, we have 
Comparing the above two identities, we get [S * 12 , A] = 0. This gives that S * 12 A 11 = A 22 S * 12 for all S 12 ∈ A 12 . By using condition (G 1 ), we see that
Proof of Theorem 2.1. Now take U = U 11 + U 12 + U 21 + U 22 and V = V 11 + V 12 + V 21 + V 22 . By using Lemmas 2.4, 2.5 & 2.8, we see that
. This completes the proof of our main theorem. Now we apply Theorem 2.1 to prime * -rings and nest algebras. We begin with the following important lemma. Lemma 2.9. Let R be a prime * -ring containing a nontrivial self-adjoint idempotent P with centre Z(R).
(
Proof. (i) is the direct consequence of the primeness of R.
(ii) For any V 11 ∈ A 11 and V 12 ∈ A 12 , we get
For any V 12 ∈ A 12 and V 22 ∈ A 22 , we get V 12 V 22 U 22 = U 11 V 12 V 22 = V 12 U 22 V 22 for all V 12 ∈ A 12 . It follows by the primeness of R that V 22 U 22 = U 22 V 22 .
For any V 12 ∈ A 12 and V 21 ∈ A 21 , we get U 22
For any V ∈ R, we have
Hence it follows that U 11 + U 22 ∈ Z(R).
It follows from Lemma 2.9 that every prime * -ring with nontrivial selfadjoint idempotent satisfies the conditions (G 1 ) and (G 2 ) of Theorem 2.1. So we have the following immediate corollary.
Corollary 2.10. Let R be a prime * -ring containing a nontrivial selfadjoint idempotent P . If a mapping d : R → R satisfies
Let H be a complex Hilbert space. Recall that a nest N of projections on H is a chain of orthogonal projections on H containing zero operator 0 and the identity operator I and is closed in the strong operator topology. By B(H), we mean the algebra of all bounded linear operators on H. The nest algebra T (N ) corresponding to the nest N is the set of all operators U in B(H) such that U P = P U P for all P ∈ N . It is to be noted that T (N ) is a weak *closed operator algebra. A nest is said to be nontrivial if it contains at least one nontrivial projection. The centre of the nest algebra T (N ) is CI, where C is the complex field. It is to be noted that by every nest algebra T (N ) with non trivial projection P satisfies the conditions (G 1 ) and (G 2 ) of Theorem 2.1 (see [10, Lemma 2.6] ). Thus we have the following immediate corollary. 
Characterization of * -Lie derivable mappings on Prime * -rings
In this section, we list some notations and results which will be used frequently to prove our results. Let R be a prime * -ring containing a nontrivial self-adjoint idempotent P with the centre Z(R). The maximal right ring of quotients is denoted by Q mr (R) and the two-sided right ring of quotients of R by Q r (R). The centre of Q r (R) is called the extended centroid of R and is denoted by C. It is to be noted that C of any prime ring is a field. The subring RC of Q mr (R) is called the central closure of R which is also prime for any prime ring. We denote the central closure of R by T .
We facilitate our discussion with the following known results. . If R is a prime ring and U, V ∈ Q mr (R) such that U XV = V XU for all X ∈ R, then U = CV for some C ∈ C. In otherwords U and V are C-dependent. Multiplying the above identity from the left by P and from the right by Q, we arrive at P d(P ) * P U 12 = U 12 Qd(P ) * Q.
By using Lemma 2.9, it follows that P d(P )P + Qd(P )Q ∈ Z(R). Multiplying the above identity from the left by P and from the right by Q, we arrive at P d(P )Q = P d(P ) * Q. Similarly, we can also obtain Qd(P )P = Qd(P ) * P .
In the sequel, we define φ : R → R by
where S = P d(P )Q − Qd(P )P . It is to be noted that by Lemma 3.4, we have S * = −S.
Proof. Since (i), (iv) and (v) are easy to verify, we prove only (ii) and (iii).
(ii) By the definition of φ, we see that Consequently, we get φ(Q) = P φ(Q)P + Qφ(Q)Q ∈ Z(R).
and hence we see that P φ(U 12 )P = Qφ(U 12 )P = Qφ(U 12 )Q = 0. This implies that φ(A 12 ) ⊆ A 12 . Similarly, φ(U 21 ) = Qφ(U 21 )P ∈ A 21 for each U 21 ∈ A 21 and therefore φ(A 21 ) ⊆ A 21 .
Lemma 3.7. There is a functional f i :
Proof. For U 11 ∈ A 11 , by Lemma 3.5(ii), we have
and hence we see that P φ(U 11 )Q = Qφ(U 11 )P = 0. Thus, it can be assumed that φ(U 11 ) = A 11 + A 22 and similarly, φ (U 22 
Now for any U ∈ R, we define a mapping ∆ :
Further, by the definitions of φ(U ) and ∆(U ) and by Corollary 2.10, it is clear that the difference φ(U ) − ∆(U ) ∈ C. So, define a mapping ξ : R → C by ξ(U ) = φ(U ) − ∆(U ) for all U ∈ R. By Lemmas 3.6 and 3.7, ∆ has the following properties. Now, we shall show that ∆ is an additive * -derivation. First, we shall prove the additivity of ∆.
By Lemma 2.4 and Lemma 3.8(ii), we get the following result.
Lemma 3.9. ∆ is additive on A 12 and A 21 . 
In the sequel, we shall prove that ∆ is a derivation.
Proof. For any U 11 , V 11 Comparing the above two identities, we obtain CU 12 = 0. Since C is a field, we have U 12 = 0, a contradiction. Consequently, ∆(U 12 W 21 ) = ∆(U 12 )W 21 + U 12 ∆(W 21 ) and ∆(U 21 W 12 ) = ∆(U 21 )W 12 + U 21 ∆(W 12 ). Finally, let us define ψ(U ) = ∆(U ) − (SU − U S) for all U ∈ R, where S = P d(P )Q − Qd(P )P . It is easy to check that ψ is an additive * -derivation on R. By the definitions of ∆ and φ, ψ is an additive * -derivation and d(U ) = ψ(U ) + ξ(U ) for all U ∈ R.
We conclude this section by the following result. Recall that a von Neumann algebra M is called a factor if its centre is CI. It is to be noted that every factor von Neumann algebra is prime. So we have the following immediate corollary. 
